Using combined "LDA+ image potential" calculations we show that below the vacuum level a single graphene layer possesses a double Rydberg series of even ͑n + ͒ and odd ͑n − ͒ symmetry image-potential states and argue that the widely discussed interlayer band in graphite is a consequence of the intersheet hybridization of the first even image-potential state. In light of the present results, the unoccupied electronic states with nearly-free-electron properties in carbon nanotubes, fullerenes, and fullerites can be understood to originate from the image-potential states of graphene. DOI: 10.1103/PhysRevB.80.121408 PACS number͑s͒: 73.20.At, 73.22.Ϫf, 73.90.ϩf, 81.05.Uw Carbon is a very versatile element. In nature it can be found in many allotropic forms, and in many of them, such as graphite, fullerenes, and nanotubes, the carbon atoms form strong covalent bonds through hybridization of sp 2 orbitals between three nearest neighbors in a planar or nearly planar configuration. The simplest lattice where this arrangement is found is graphene, a one-atom-thick carbon sheet where the atoms form a honeycomb lattice. The recent isolation of single graphene layers, 1 and the modulation of the carrier concentration within them 2 has stimulated much interest in the electronic properties of graphene and related compounds.
Carbon is a very versatile element. In nature it can be found in many allotropic forms, and in many of them, such as graphite, fullerenes, and nanotubes, the carbon atoms form strong covalent bonds through hybridization of sp 2 orbitals between three nearest neighbors in a planar or nearly planar configuration. The simplest lattice where this arrangement is found is graphene, a one-atom-thick carbon sheet where the atoms form a honeycomb lattice. The recent isolation of single graphene layers, 1 and the modulation of the carrier concentration within them 2 has stimulated much interest in the electronic properties of graphene and related compounds. 3 Most ongoing experimental and theoretical work on graphene has focused on its electronic band structure in the vicinity of the K point of the two-dimensional Brillouin zone. The electronic bands crossing the Fermi level at the K point have remarkable linear energy dispersion, which imparts novel physical phenomena. These bands can be described within a parameterized tight-binding scheme, which, however, is inadequate for the description of the unoccupied part of the energy spectrum. There have also been some calculations at the local-density approximation level, [4] [5] [6] [7] but the detailed analysis of graphene electronic structure in the vicinity of the vacuum level, to the best of our knowledge, is lacking.
In the unoccupied spectrum of graphite, the most interesting and extensively studied has been the so-called interlayer state, which is characterized by singularly strong threedimensional dispersion. As its name suggests, the interlayer state has a charge-density maximum between the basal carbon planes with interlayer dispersion in the 4-7.5 eV range above the Fermi level, and nearly-free-electron-like dispersion parallel to them. 5, 8, 9 The interlayer state has been observed experimentally by inverse photoemission, 9 inelastic electron scattering, 10 and near-edge x-ray absorption fine structure. 11, 12 In a metal-atom-intercalated graphite, the occupation of the band formed by hybridization between the s states of metal ions and the spatially overlapping interlayer state is thought to impart superconducting properties. 13 The interlayer state has been predicted for multiwall nanotubes, and even for the inner space of single wall nanotubes and fullerenes. 14 Recently, atomiclike unoccupied orbitals of C 60 molecules discovered by low-temperature scanning tunneling microscopy 15 ͑STM͒ were attributed to the same physical origin, the internal exchange-correlation potential of a hollow molecule. Other layered materials also possess similar interlayer states, which in the case of hexagonal BN ͑Ref. 16͒ corresponds to the conduction-band minimum. Paradoxically, there is experimental 12 and theoretical 4 evidence that the parent of the interlayer state exists even for a single sheet of graphene.
In order to establish the physical origin of the interlayer state of graphene and related materials we perform ab initio calculations of the graphene electronic structure. Present calculations show that the origin of the previously discussed interlayer state of graphene is the lowest-energy member of a double Rydberg series of even and odd image-potential states converging to the vacuum level. Related image-potential states are well known for the semi-infinite metal/vacuum interface, 17 and have been observed for pyrolytic graphite 18 and metal supported nanographene. 19 We further argue that the interlayer state in graphite forms through the intersheet hybridization of the lowest image-potential state in graphene in a similar fashion as in the case of graphene bilayer. 4 The universal properties of the image potential suggest that the strongly dispersing interlayer states are a common property of layered materials.
For calculation of the electronic structure of an isolated graphene we used a repeated-slab geometry with graphene layers separated by large vacuum intervals. Hence the unit cell of the system contains two carbon atoms with lateral and perpendicular lattice constants of 2.434 and 85 Å, respectively, which is sufficient for the convergence of the six lowest-energy image-potential states. Self-consistent densityfunctional calculations were performed using the plane-wave basis set with a cutoff of 60 Ry and a 72ϫ 72ϫ 1 k grid for the density within a local-density approximation ͑LDA͒ for exchange-correlation potential. 20 The electron-ion interaction was described by a norm-conserving pseudopotential. 21 Whereas LDA calculations, provide fairly accurate description of bulk and short-range surface potentials, they fail to reproduce the Coulomb-like image-potential tail outside the crystal. 22 Without the correct asymptotic form, this potential cannot predict accurately a Rydberg series of image-potential states. To overcome this problem we use an approach previously employed in the study of image-potential states at metal surfaces. 23 Adopted to the present system, it implies the construction of a hybrid potential which coincides with the self-consistent LDA one at ͉z͉ Ͻ z o ͑the carbon-atom plane is placed at z =0͒ and at ͉z͉ Ͼ z o takes the form valid also for 2D systems
The parameters A and are determined from the conditions:
To fix the other two parameters, the image plane position z im and z o , we need more constraints. A free standing graphene sheet has two equivalent surfaces and therefore we put z im = 0. Constructed potentials for some values of z o are shown in Fig. 1 along with the LDA and bare image potentials. We evaluated how the results depend on the position of the matching point z o . In Table I we report the energies of the lowest-energy unoccupied states at ⌫ with respect to the Fermi and the vacuum levels. We assign these states as even and odd image-potential states n Ϯ , where the signs "+" and "−" refer to their parity with respect to reflection in the graphene plane, and n corresponds to the number of nodes in their wave functions on each side above and below the graphene plane. From Table I it is clear that the energies of these states are sensitive to the shape of the electronic potential at a distance of a few angstroms from the carbon sheet. The potential could be further refined by an experimental determination of these energies. We do not include in the calculations a substrate, which can modify the results, mostly on the substrate side. The effect of a substrate can be incorporated in Eq. ͑1͒ through its dielectric constant. 
where n =1,2,3,... is the quantum number of a series member and a n Ϯ is the corresponding quantum defect. The higherenergy states are shifted above the vacuum level, as seen in Fig. 2 , due to an artificial confinement imposed by the supercell geometry. In Fig. 2 one can see that below E vac there are no unoccupied carbon 2s or 2p orbital-derived bands in the vicinity of the ⌫ point. The closest occupied and unoccupied ‫ء‬ carbon 2p x ,2p y orbital-derived bands with energies at ⌫ of −3.2 and +8.3 eV, respectively, can be connected with the similar bands in graphite. Their charge densities are confined very close to the carbon sheet and therefore are only slightly modified when the graphite crystal is formed. Their negligible dispersion 25 in graphite along the perpendicular direction confirms this point. Because of their symmetry these states have no effect on the image-potential states around the ⌫ point. Indeed, the even and odd image-potential states experience different energy gaps in the band structure of graphene. The relevant energy gaps at ⌫ are between the carbon 2s͑2p z ͒ orbital-derived ͑͒ states at −19.7 ͑−7.8͒ and +13.5 eV ͑+11.9 eV͒ ͓shown by filled ͑empty͒ circles in Fig. 2͔ for the even ͑odd͒ image-potential states. Hence the two image-potential states series are aligned differently within their respective energy gaps.
The extent of interaction of the even-and odd-symmetry image-potential states with the and bands is also reflected in different positions of their wave-function maxima and nodes with respect to the carbon plane, as seen in Fig. 3 .
For the even image-potential states the first maximum coincides with that of the electron density at the molecular plane, while for the odd ones the first maxima strongly overlap with the -electron density. The first nodes of even and odd states, respectively, appear at z node Ϸ 1 a.u. and z node Ϸ 2 a.u. corresponding to the falling tails of the and -electron densities. The probability densities of even and odd image-potential states presented in Fig. 3 , correlate with the corresponding electron density of the occupied and carbon-derived states as required by the wave-function orthogonality. With increasing of quantum number n the energy splitting between even and odd states with the same n rapidly decreases in accord with decreasing of amplitude of the corresponding wave functions in the carbon sheet region ͑e.g., compare the charge densities for the 1 Ϯ and 2 Ϯ states in Fig. 3͒ .
Analyzing the charge-density distribution of the imagepotential states presented in Fig. 3 one can see that the maximum for the 1 + state is located at z Ϸ 3.5 a.u., i.e., close to the middle of the interlayer spacing in graphite. Therefore, assembling graphene layers to form a graphite crystal will affect this state the least, as compared with the higher-energy image-potential state wave functions which extend further into the vacuum. In light of this, the widely discussed interlayer band in graphite can be considered a progeny of hybridization of the 1 + graphene image-potential states between the adjacent carbon layers. The higher n members of this family are shifted to significantly higher energies when the graphite is formed. For hollow carbon structures derived from graphene, the exchange-correlation potential that to a large extent defines the properties of the 1 + state, also gives rise to the nearly-free-electron states of nanotubes, 26 and superatom states of fullerenes. 14, 15 The present results show the range of energies available for the image-potential states localized outside the graphene layer. Because of the bilateral symmetry and confinement of the graphene sheet these states in graphene are more strongly bound in comparison with semi-infinite systems. Supporting graphene sheet on a substrate will shift these states toward higher energies and make them more delocalized on the vacuum side. It is known that both suspended graphene layers and layers on a substrate are corrugated, 27, 28 with height variations on the order of a few nanometers over scales of 20-50 nm. In this case the odd-even symmetry will be broken and the concave surface states will be stabilized with respect to the convex. 12 Finally, the image potential can be modified by an applied gate voltage sufficiently close to the layer 24, [29] [30] [31] or by the electric field induced by an STM tip. 28, 32, 33 The following picture can be gleaned from the present results. The electronic structure of graphene can be analyzed into carbon-valence-orbital-derived tightly localized and states, and in addition extended unoccupied states that primarily exist in the vacuum above and below the graphene plane. For the building block of graphitic materials, graphene, we identify for the first time the dual Rydberg-like series of these even-and odd-symmetry states. When graphene layers are assembled into a graphite crystal, the interlayer band can be viewed as a consequence of trapping and hybridization of the lowest-energy 1 + image-potential state. Moreover, the unoccupied electronic states in other carbon-based nanostructures, like fullerenes, 15 fullerites, 14 and nanotubes [34] [35] [36] can be understood as having the common origin with the graphene image-potential states found in the present work. A large extent of wave functions of the imagepotential states in the vacuum implies that they are very sensitive to any change of shape or/and environment of the graphene sheet. Hence the image-potential states of graphene and the nearly-free-electron states of graphitic materials derived from them present attractive objects for investigation of how the topography, intersheet and impurity interactions etc., affect their spectroscopic and dynamical properties. 
